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t tS l rue tures  de

talk :  45 mn.

I ' i n f o r m a t i o n "  C u  C . ) ' l  . R ' . S .

r : t i e :

us ig r  a  genera l i za t ion  techn ique.

I n  co l l abo ra t i on  w i th  J .  ARSAC,  we  have  dev i ced  a  new ne thodo logy  i o r  r ecu r -

s i c : l  t c  i t e r c t i on  p rog :an  E rans fo rna t i on  I f l  .  f t . i s  r r e tho lo loS ,y  : : e ' : " eS  i JS r :  o f

a  .T r re ra l i z l t i on  t echn ique  wh ich  i s  qu i t e  d i - f f e ren i  f r om T^EGBREIT ts  [ 6 ]  '  l ' l e

, f - , .  f  l  c le ;cr i5e-  cur  and I ;3GI: . : IT '  s  nethoColog: .es f  o :  rec. r rs  icr r  io  i ; : :a t icn

?1r^. r l . r - :  r ranqfor i1a; ion wi th an enphasis on the powerfu lness and the defects

o f  : i : e  c l f ö  me thoCo lcg ies .  Th i s  reca l l s  s l r ong i y  a l so  i he  ce leb ra tec i  r esu lEs

of BL'RST/r1L and DARLTNGT6N I z] and we shall shor^r that our methodology avoids

:h :  " cL : r cke to  t heY  neec .

i .  i ; , r  lS l 'LL and D. \ i {L i l iCTON

' i . :3  , . i ] " - i :  not .  i :scr ibe thei r  resulEs s ince they are r "e1l - -knovm'  Let  us s i -np1-1r

;--::ail- l: l  exer:pie (fro;a DAR-LINGTON [ 3] ) '

G i " . ; n  : i . c  de f i a i : i on  f ( x )  €  i f  x  =O then  O  e l se  f ( x  -  l )  +  x '  i hey  can

l - r : r :s jor :n f  co an i ter : t ive fo: rn by ihe use of  thei r  unfo l i i "n3- fc ld ing

:e :1 - : .  l c_u :  p rov ide i  a  f uncc io : r  g ( x , y )  =  f  ( : :  -  1 )  +  y  i s  g i ve ; r  : o  t he : r  sys teü '

T l . :  -11:o, , ; ledge cf  th is  funct ion is  an "eureka" which car  be avoiCe:  wi th the

: ' ; , 'c  :c i iov; i : lg  nechodo)-ogies

^  I - : -  r l F T -

- - _ -

Tl . . :  ' - : --r , . : :  e: . :a: ; le given )y I f IG3R-:- i f  i '11 ' is r ' ' - :L ive to : i :  FI3CjACCI func-

: : ,n iu:  wa shai i  ' ;o ik ouu the precei i : :g er:a; ' : ; : le :  '

i i : r )  * : i  x  = 0  t i - e a  O  a i s c  , : ( t - t : : '
/ 1 \
\  i . ,

that (* i  = 1) = True has -- i 'e valu: -  '  thec lhe

is  +  L ,  so  th : t  r {e  c - - -n  un iqu ' i y  conPu:e

' , ' : .  1. . :  : ;  : l : ' t  : : :e or lY r [r  Su3l: .

i : : ' , 'c :se of rhe funct ion -  l "

=  I  =  n ; -

A neLhodoloqy for r-ecl t !s: ion to i tergFio-n Erans f  ornat i .or
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i i ;  cai  unfold f(x) in che "context coldir- ion" x * l -  which leads to

f ( : < )  * i f  x  =  0  t h e n O  e l s e  i f  x  =  1  t h e n  f ( l - - l )  +  1  /

e l s e  ( f  ( ( x * l ) - l ) +  x  -  1 " )  +  x

r le " i r ry  rhe  r t f  s r r ibu t iv i t y  o f  +  and -  and the  de f in i t ion  o f  f  :  f (1 )  =  ! ,
v J ; | . 5  e : r v e e - ' - - /

lve obtain :  l

r (x )  *  i f  x  =  0  rhen o  e lse  i f .  x  =  i  then  1  e lse  . l i -2 )+ .  2x  -  1

( 2 )

r . r ^  - F * ^ F ^ r  5  n t t C h  O f  L h e  e X p r e s s i o n Sn c  d  L ; g u . J ;  g  u ; o  L u r '  v r  s r r v  v " r  -  v

(1 )  and (2 )  wh ich  Leads to [ t le  cont rad ic to ry  subs t i tu t ions :

x  + :<  -  1 ,  x  +  2x  -  l -  anC there fore  fa i l -s .  ' i . l e  acco :d ingLy  genera l - i ze  express ic

( i )  ü o  ( 1 ' )  =  f ( x - l )  +  y .  T h e  u e f o L d i n g  o f  f ( x )  a p p l i e d  t o  ( l ' ' )  l e a d s  t o :

i i  r :  - ' 1  t h e : :  y  e l s e  f  ( : < - 2 )  +  y  +  x  -  l "  =  ( 2 ' ) '

. i i r :  ; l ; ch  o f  (1 ' )  and 2 ' )  succeecs  because x  +  x  -  I  i rd  y  -+  y  f r  x  -  i  a re  no ;

r i ^ - ^ - , ,
i : v -  s v - - E - ; u ! u ! v ! J .

Ro: - - lac ine  f (x -1 )  +  y  by  the  nore  genera l  express ion  g( : i ' y )  r ' re  ob ta in :

f  ' ( ,< )  < -  i f  x  =  O then O e lse  g(x r :< )

g ( x , y )  : i f  x  =  1  t h e n  y  e l s e  g ( x - r ,  Y  +  x  -  1 )

f , ( x )  a n d .  f ( x )  g i v e s  s a i x e  r e s u l t  b u t  f ' ( x )  i s  " t a i l - r e c u r s i v e " ,  i ' e '  r e a d i i y

tr ; : :sfcr: ;bie io a: i  i terat io: :  b; ;  - : : i  appl icsi , icn ci  che reverse of Mc CIJRTHY

I Cl f r ."rnsf,ormation. The "eureka" has been tr insformed into a generai ' izat ion
L  J J

i : rd. ' ;eeC by the fei lure of che n'atch of (1) and (2)

2 .  2.  F,e s tr ict ions

Let us sLudy the nore general  scheme :

f ( x )  e  i f  a ( x )  t h e n  b ( x )  e l s e  h ( f ( e ( x ) ) ,  c ( x ) ) '  f t  s h o w s  t h a t  w e  n e e d  :

a.tr .  x",  such that a(x. ,)  = true is unigue and co:,putable with ehe only know-
l r

l c ä ; e  o :  a ( > : ) .

Exa;npies.

-  I f  : ( : : )  =  ev3 l :  ( : : )  ,  x t  i s  no :  un iq r re

-  I t  :  is  a iun;c ion . in  t ru 'o var iablas :< a: rJ  y ,  che: :  a(x 'y)  = ( ;<=y)  i  s  noi

: ; r ' : - :a i le  ' , . t : :h  tha cniy  kaor . r -e ige o i  a( : ' : ,y)  '

a . 2 " . , ( : r )  i s  s ' r c h  r h a t  e - I ( x )  r s  i e f i r e i  a 1 C  u - l { * r )  i s  u n i q u e '  E x a m p l e  :

, :  ;  { : i )  =  (C }R  : { )  ,  e  
t  

( x )  i s  no i  de f  i ned .

1 . 3 .  L { : r )  i s  n o t  a : : i ! . . .  t h e r . . .  e l s e . . .  f u r i c i i o n .  I f  i r  r ; e r e  t h e  e e s e ,  t h e n

' . ; :  ; . :u ld hal 'e  a schcl :e of  tha : i 'Pa :

:  i : : )  s -  i :  a ( s )  c h c r  b '  ( x )  e l s e  i f  ; " '  ( : : )  l ; - r :  i i '  ( l  ( : '  ( > : )  )  ,  c ' ( : i ) )

e i s e  h " ( f ( e ( x ) ) ,  c ( x ) )

: , : r . i .  : i . ;  u r f o i f i r g  o f  f  ( x )  i r  L " ( f  ( c ( x ) ) ,  c ( x ) )  r . " o u l - < i  l c a d  : o  e x ? r e 5 s : c a s

: ; : . : * * ; i ; : 3  h r  i Lc  n :Ec i :  o f  r . ; h i ch  w i t h  h "  i s  poss l . i e  i o r  ve r ) I  p : ; c : ' cu la :
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t , , i ^ + . : ^ n q

h(h(x ,y )  ,z )  =  f r (x , t r (y ,  z )  )  :  th is  i s  the  c lass ica l  assoc ia t i ve  p toper ry

ihese t rans format ions

a.5" l ihen f(x) is not everywhere def ined, one introduces the value ÜJ'

, ,undef ined" ,  in  o rder  to  express  the  fac t  tha t  i f  f  (z )  =  ü i  the  cornputa t ian  o f  f (z )

need,s an inf ini te comPutaEion 1-oop. In order to prove thäE ihe general ized schene

is  no t  less  de f ined than f (x )  one needs :  h ( t ' l , x )=  o  fo r  a l l  x '

3. AR.SAC and KODRA?OFF.

3 . 1  S x a n p l e .

Once nore ,  le t  us  s ta r t  f ron

f ( x ) *  i f  x = 0  t h e n  0  e l s e  f ( x - l ) + x .

l Je  : :c t i ce  iha t  x+C=x fo r  a l l  x ( in  the

ele;e::r t t )  so thaE we can r ' r i te

fol lowing we shäl l  say that + has a "neulral

f  (x ) ' rO ,=  f  {> : )€  i f  x= '0  th :n  0  e1se f  (x -1 ) - :< '

LT lO NOT UM-OLD f(x)but attempt a match of the new expression of f  with i ts recur-

s ive  ie f  in i t io r  :  (1 )  and (2 )  can : lo t  na tch  because r '+e  ga t  the  subs t i tu t ions

x - lx- l  anc o-+ x which are cont,radictory. I rre general ize accordingly to

g ( x , y ) = f  ( x ) + y = ( l ' )  *  (  i f  : < = 0  t h e n  0  e l s e  f  ( x - l ) + x )  +  y '

Now, I , IE APPLY THE FUNCTION +y tc the del ini t ion of f  (x) '

f  (x )+y  - (1  ' ;<=  i f  x=0 then 0+y  e f  se  - ( f  G:Ql l )+v
t ' / '  )

T h e  n e t c h  o f ( l t )  a n d  ( 2 ' )  n o w  s u c c e e d s  w i t h  x +  x - l ' y  + x + y

t i v i t v  o f  + .

by  us ing  the  d is t r ibu-

T h i s p r o v e s t h e - t g ( x , y ) = f ( ; ) + y = i f x = 0 t h e n y e l s e g ( x - 1 , > : + y ) , f r o ; a w h i c h v l e c o r c i u < j e

chat  i f  we de f ine  a  func l iona l  T  bY

T I  h  ]  ( x , y ) = i f  x = 0  t h e n  y  e l s e  h ( x - l , x + y )  t h e n  g  i s  a  f  i x e d  p o : n " -  o f  T '  I ü e  c a n  e v e n

prove iha t  g  i s  rhe  leas t  f i xed  po in t  o f  T :  g  i s  de f ined '  on  the  sane domain  as  i '

p : o v i i a d  c J +  y = L )  i s  i n p l - i c i t  i n  t n e  d e l i n i t i o n  o f  + '

g (x , : - )e  i - f  x=0 lher  y  e ise  g(x - l , x+y)  and f  (x )+0=g(x ,0 )= f  (x )  de f ine  a  ne \ t  ra i l -

rec i ; : s  j ve  func l io : r ,  equ iva le : r l  ie  the  sErong sense to  j  ( : : )  '

3 . 2  R e s t r i c t i o n s

!i:e nore general schene

f  (x ) *  i f  a (x )  then b(x )  e lse  h( f  ( . ( * ) ) ,c (x ) )  shows tha t  r ' re  need o f  course  a4  a td
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a5 L ike  IAEGBREIT bu t , ins tsad o f  a l ra l - ,a3  we need 
/

a ' l : there  ex is t ,s  a  consEant  k (no t  necessar i l y  be long ing  to  the  dona in  o f  x )  such

that h(xrk)+x for aL|, |  of  the donqa, in.  This night seerl  a strong assunpt ion sinie,

for exeropLe, the LISP funcLion. CONS has no such neutral  eLement. In faet,  one has

then to use a concatenat ion funct ion inscead of CONS.

3 . 3  E x t e n s i o n s

3 .3 . I . (Shared by I^IEGBR.EIT) .

The schene can read

f  ( x ) € i f  a ( x )  t h e n  b ( x )  e l s e  h ,  ( ] n 2 ( , . .  ( h n ( f  ( e ( " ) , c ( x ) ) . . . ) )  p r o ' r i d e d

h , ( h ^ ( . . .  i r , ( h , ( h - ( . . . h ' ( x . , * ^ ) . . . x  ) ) ) ) ) = h . ( i t ^ . . . h  ( x , , . . . ) )  w h i c h  i s  s o : e  k i n , l
I  z .  n  L  z  n  l -  I  1 1  |  I  n  i

.of  general ized associat iv i ty we def ine as an "f-pach idernpoteney" of the sequence

n n

l n

3 . 3 . 2 .  F u n c t i o n s  o f  s e v e r a l  v a r i a b l e s ,

Ic  i s  seen tha t  we do  no t  use  the  fac t  tha t  f (x )  i s  in  one var iab le .For  ins tance,

i f - there exists a constant k such that h(x,k)=:<

- h ( h ( x ,  y ) ,  z ) = h ( x , h ( y ,  " )  )
-h (trl ,x) =61 .

t h e n  f  ( x , y ) < = i f  a ( x , y )  t h e n  b ( x , y )  e l s e  h ( f  ( e ( x ) ; e ' i y )  )  , c ( x , y ) )  i s  e q u i v a l e n t  t o

f  '  ( x ,  y )=g(x ,y ,k )  where

g ( x , y ,  z ) € i t  a ( x , y )  t h e n  h ( b  ( x , y )  ,  z )  e l s e  g ( e ( x ) , e ' ( y )  , h ( c ( x , y )  , z ) )  .

Tir is is readi ly seerr Ly a staightforward appl icat ion of our methodology.

3 . 3 . 3 .  h ( x )  i s  a n  i f  . . . t h e n . . . e l s e . . .  f u n c t i o n .

I.Ie have therefore a schene of the type !

f  ( x ) . { f  a ( x )  r h e n  b ?  ( x )  e l s e  i f  a ' ( x )  r h e n  h ' ( f  ( e ' ( x ) ) , c ' ( x ) )

e l s e  h ( f ( e ( x ) ) , c ( x ) ) .

I f - there  ex is t ,s  two cor " rs tan ts  k  and k t  such uhat  h (x ,k )=x  and hr  (x ,k ' )=x

- h ( h '  ( h ( h '  ( x , y ) , z ) , E ) , u ) = h ( h '  ( x , h "  ( y , r , t , u ) ) , h " '  ( y , 2 ,  t , u ) )

-h (orx )= t :o lh t  ( . .1  ,x )=  r r , l

then  f (x )  i s  equ iva len t  to

f  '  ( x ) = 8 ( x , k ' , k ) = h ( h '  ( f  ( x ) , k ' ) , k )  w h e r e

g ( x , z , y ) € i f  a ( x ) t h e n  h ( h r  ( b ' ( x ) ,  z )  r y ) e l s e  i f  a ' ( x ) t h e n  g ( e ' ( x ) , h "  ( c ' ( x ) , , e , z , y ) ,

h t  "  ( c ' ( x )  r k ,  z r y ) >

e l s e  g ( e ( x ) , h "  ( k ' , c ( x )  , 2 , y ) ,

t r t  t  t  ( [ t  r c ( x )  , z r y ) )  .

T h i s  c a n  b e  f i n i t e l y  i t e r a t e d .

F i n a l l y ,  w e  c a n  e a s i l y  p r o v e  t h a t  i f  h  a c d  h '  a r e  c o n p o s i t i o n  f u n c t i o n s  h ,  , . .  .  r hn
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2 n ä  h  - - h r  .  a l l  o f  t h e r o  h a v i n g  a  n e u t r a l  e l e n e n E  a n d  h t r r . . . r h r r h ' l r . " , i ! ' n
4 i r s  i r  

I  
t . . .  r , .  

n ,

is  an "f-path idempore4tt '  gggubnce tüen the same meLhodology appl ies-.
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